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Abstract

Numerical and experimental investigations of non-uniform beams under static as well as under dynamic

loads are required in many engineering applications. However, this topic is also relevant in sports. In particular

the mechanical model of a non-uniform cantilever beam could be useful to analyze the dynamical behavior

of the blades used for the weapons of the Olympic fencing competitions. These sporting arms are known as

�euret, �ep�ee and sabre. They can be compared in weight and length, but di�er signi�cantly in the design of the

individual cross-section. However, especially excellent athletes such as Alexander Anatoljewitsch Romankow,

Philippe Riboud or Anja Fichtel are able to perform fencing on a high level even if they have to use a weapon

that di�ers from the favorite one. For this reason it is interesting to compare basic dynamic properties of these

special sport equipment. Therefore, this paper presents novel results that describe the dynamics of �euret, �ep�ee

and sabre using the results of simple experiments. It is (only) aimed (i) to highlight basic phenomena, (ii)

to compare the results, and (iii) to re�ect the �ndings with the (non-professional) experience of the author in

practicing his sport as athlete and coach.
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Èçãèáíûå êîëåáàíèÿ íåîäíîðîäíîé êîíñîëüíîé áàëêè, íàáëþäàåìûå ïðè
ýêñïåðèìåíòàëüíûõ èññëåäîâàíèÿõ äèíàìèêè ôëåðåòû (ðàïèðû), øïàãè è

ñàáëè

Êëåùêîâñêè Ò.
Ä.ò.í.(õàáèëèòèðîâàííûé äîêòîð), ïðîôåññîð, êàôåäðà ¾Àâòîìîáèëüíàÿ è àâèàöèîííàÿ òåõíèêà¿,

Ãàìáóðãñêèé óíèâåðñèòåò ïðèêëàäíûõ íàóê, ã. Ãàìáóðã, Ãåðìàíèÿ

Àííîòàöèÿ

×èñëåííûå è ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ íåîäíîðîäíûõ áàëîê êàê ïðè ñòàòè÷åñêèõ, òàê è

ïðè äèíàìè÷åñêèõ íàãðóçêàõ òðåáóþòñÿ âî ìíîãèõ èíæåíåðíûõ ïðèìåíåíèÿõ. Îäíàêî ýòà òåìà àêòóàëüíà

è â ñïîðòå. Â ÷àñòíîñòè, ìåõàíè÷åñêàÿ ìîäåëü íåîäíîðîäíîé êîíñîëüíîé áàëêè ìîæåò áûòü ïîëåçíà

äëÿ àíàëèçà äèíàìè÷åñêîãî ïîâåäåíèÿ ëåçâèé, èñïîëüçóåìûõ äëÿ îðóæèÿ îëèìïèéñêèõ ñîðåâíîâàíèé ïî

ôåõòîâàíèþ. Ýòî ñïîðòèâíîå îðóæèå èçâåñòíî êàê ôëåðåò, øïàãà è ñàáëÿ. Èõ ìîæíî ñðàâíèòü ïî âåñó è

äëèíå, íî îíè ñóùåñòâåííî îòëè÷àþòñÿ êîíñòðóêöèåé îòäåëüíîãî ïîïåðå÷íîãî ñå÷åíèÿ. Îäíàêî îñîáåííî

îòëè÷íûå ñïîðòñìåíû, òàêèå êàê Àëåêñàíäð Àíàòîëüåâè÷ Ðîìàíêîâ, Ôèëèïï Ðèáó èëè Àíÿ Ôèõòåëü,

ñïîñîáíû âûïîëíÿòü ôåõòîâàíèå íà âûñîêîì óðîâíå, äàæå åñëè èì ïðèõîäèòñÿ èñïîëüçîâàòü îðóæèå,

êîòîðîå îòëè÷àåòñÿ îò ëþáèìîãî. Ïî ýòîé ïðè÷èíå èíòåðåñíî ñðàâíèòü îñíîâíûå äèíàìè÷åñêèå ñâîéñòâà
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ýòèõ ñïåöèàëüíûõ ñïîðòèâíûõ ñíàðÿäîâ. Ïîýòîìó â äàííîé ñòàòüå ïðåäñòàâëåíû íîâûå ðåçóëüòàòû,

îïèñûâàþùèå äèíàìèêó ôëåðåòû, øïàãè è ñàáëè ñ èñïîëüçîâàíèåì ðåçóëüòàòîâ ïðîñòûõ ýêñïåðèìåíòîâ.

Ýòî (òîëüêî) íàïðàâëåíî íà òî, ÷òîáû (i) âûäåëèòü îñíîâíûå ÿâëåíèÿ, (ii) ñðàâíèòü ðåçóëüòàòû è (iii)

îòðàçèòü ïîëó÷åííûå ðåçóëüòàòû ñ (íåïðîôåññèîíàëüíûì) îïûòîì àâòîðà â çàíÿòèÿõ ñïîðòîì â êà÷åñòâå

ñïîðòñìåíà è òðåíåðà.

Êëþ÷åâûå ñëîâà: ñòðóêòóðíàÿ äèíàìèêà, íåîäíîðîäíàÿ áàëêà, ýêñïåðèìåíòàëüíîå

èññëåäîâàíèå, ñïîðòèâíîå îðóæèå.

Introduction

From the engineering point of view the blades of the sporting arms �euret, �ep�ee and
sabre, compare �gure 1, can be understood as cantilever beams with non-uniform cross section.
The latter changes signi�cantly from the mounting (close to the holder) to the top. All di�erent
blades are �exible in horizontal as well as in vertical direction. However, it is not identical.
Fleuret and �ep�ee are designed to hit the vest of the opponent with the tip of the blade (followed
by elastic or in many cases also in-elastic buckling), the sabre is used strike in order to set a
touch�e. Therefore, �euret and �ep�ee are more �exible in the vertical direction compared to the
horizontal direction. The opposite is true for the sabre that need to be sti�er in the vertical
direction.

Fig. 1. Fleuret (top), �ep�ee (middle) and sabre (bottom) analyzed in the experiments

Structural elements showing similar properties are well documented in literature.
Basic and advanced principles of structural dynamics have been described in detail by
Timoshenko [1] � a relevant starting point for all engineers working in structural dynamics.
A simpli�ed analytical model for vibrations of non-uniform �exural beams with viscoelastic
properties has been proposed in [2]. Closed-form solutions for axially functionally graded
Timoshenko beams having uniform cross-section are discussed in [3]. Isotropic beams
with continuously changing cross-section have been studied in [4], providing solutions for
clamped-clamped as well as for simply supported boundaries at both ends.

Free vibrations of non-uniform cross-section and axially functionally graded Euler-
Bernoulli beams considering various boundary conditions using the di�erential transformation
method to derive the solution have been discussed in [5]. A higher order continuum theory,
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which contains higher-order equilibrium relation for moments of couple stress in addition to well-
known classical equilibrium relations for forces and moments of forces and only one additional
material length scale parameter has been applied to analyse the vibrational behaviour of axially
functionally graded tapered microbeams using the Rayleigh�Ritz method to obtain numerical
solutions [6]. Modal characteristics of a rectangular beam having a variable cross-section with
multiple cracks has been discussed in [7] considering di�erent temperatures. The �nite element
method has been applied in [8] to calculate both natural frequencies and modal shapes of so
called multistep nonuniform beams.

The references cited above are focussed on mathematical modelling as well as on
numerical evaluation of the derived models. However, it is also possible to �nd references that
combine theoretical and experimental work related to the scope of the present paper. Numerical
and experimental investigations of a cantilever beam structure considering nonlinearities in
geometry have been reported in [9]. The static de�ection of initially curved beams, having
a shape that can be compared to the shape of �euret, �ep�ee and sabre, has been discussed in
[10]. The dynamical behaviour of a non-uniform beam considering a transversely and axially
eccentric tip mass (especially interesting for �euret and �ep�ee) has been analysed in [11].

It turns out that all these excellent reverences cannot directly be used to highlight
basic phenomena known from fencing with �euret, �ep�ee and sabre. The theories applied in the
theoretical work are sophisticated, closed-form solutions for clamped-free boundary conditions
are not easy to derive and numerical tools such as the �nite element method have to be applied to
solve many of the proposed models. Furthermore, experimental data obtained from vibration
measurements that can be used to characterize the dynamics of the sporting arms are still
missing in literature. For this reason, the present paper proposes an approach that combines
the classical theory of Euler-Bernoulli applied to cantilever beams with novel experimental
results characterizing the �exural vibration observed for �euret, �ep�ee and sabre performing
simple experiments. Because of the experimental approach, it is not necessary to apply a
sophisticated mathematical model. However, the �ndings presented in this paper are relevant
as benchmark for numerical investigations or for the validation of numerical models.

1. Short Comments on Structural Dynamics

In order just to connect the experimental investigations with the principles of structural
dynamics, it is su�cient to apply the classical theory of Euler-Bernoulli for a uniform beam.
Following this approach it is, if necessary, at least possible to prove that natural frequencies
determined in the experiments have been determined in the �corrected� frequency range. This,
compared to some of the references, simple approach, is based on the equation of motion,
compare equation (1), in which w is the depending variable representing the displacement-�eld
that depends on time and space. The bending sti�ness is represented by EI. ρ is the density
of the material and A is the cross section.

ρA · ẅ + [EI · w′′]
′′
= 0, (1)

To model a cantilever beam it is necessary to formulate proper boundary conditions,
compare equation (2), in which L is the length of the beam and t is the time.

w(0,t) = 0, w′(0,t) = 0,

w′′(L,t) = 0, w′′′(L,t) = 0,
(2)

Following the principles of structural dynamics, compare [1], the closed-form solution
for the natural frequency reads
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f0i =
(λiL)

2

2π
·

√
EI

ρA · L4
. (3)

Table 1 contains the normalized eigenvalues λ, L of the �rst three eigenmodes. These values
have been found considering constant distribution of mass (ρA) and bending sti�ness (EI).

Table 1

Normalized eigenvalues of cantilever Beams

Number of eigenvalue
1 2 3

λ, L 1.8751 4.6941 10.996

Considering the arithmetic mean of the cross section areas listed in table 2 as well as
typical values for Young's modulus 1.8e5 N/mm2 and density 8.0 g/cm3 (maraging steel), it is
possible to calculate estimates for the �rst three natural frequencies for �euret, �ep�ee and sabre
according to vertical de�ections. These estimates are given in table 3. They will later on be
used to verify the experimental results.

Table 2

Cross sections at di�erent positions (width x height)

W x H Position
Mounting Middle Top

Fleuret 7 x 12 3 x 4 3 x 2
�Ep�ee 20 x 9 7 x 4 6 x 4
Sabre 7 x 18 3 x 6 2 x 5

Table 3

Numerical estimates for natural frequencies

f0 / Hz Number of natural frequency
1 2 3

Fleuret 5.0 31.5 88.0
�Ep�ee 4.9 30.5 85.4
Sabre 8.4 52.6 147.3

2. Experimental Investigations

In order to determine time-dependent as well as frequency dependent dynamic
properties all sport arms have been analyzed. The kind of mounting is shown in �gure 2 using
the example of the �euret. A typical piezo-electric sensor mounted on the blade has been used
for the measurements. Vertical and horizontal vibrations have been determined subsequently
be changing the mounting position with a rotation of 90o. Impulse input as well as step input
have been used to excite the vibrations. To realize the impulse input, the blade has been
hit by another blade in the middle of the blade. This can be compared to the situation in
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the competition. The step input (with a magnitude of several centimeter) has been realized
manually by imposing a de�ection at the tip of the blade. In both situations it has been
assured that non-linear e�ects have been omitted. All measurements have been recorded using
a sampling rate of 44.1 kHz to obtain a high frequency resolution.

Fig. 2. Mounting of test objects before measurement (shown via the example for the �euret)

For �epe�e and sabre the impulse response and the step response is shown in �gure 3. It
can be found that the impulse response decreases in a very short period of time. Due to the
kind of excitation, the step response seems to be dominated by the �rst bending modes. This
can clearly be observed for the sabre, compare �gure 3 (right).

Fig. 3. Free vibration of �ep�ee (left) and sabre (right). Impulse response (black line), Step
response (gray line)

In order to estimate the decay time T60, the time-dependent behaviour has also been
analyzed using a logarithmic sale as shown in �gure 4. It has been found that the decay time
varies between 0.2 s and 0.3 s. This relatively short time periods are essential for the referee
that has to analyze the �ght in order to decide who is allowed to set a point because of a
successful attack or (alternatively) due to a successful riposte.
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Fig. 4. Decay of acceleration lever for �ep�ee (left) and sabre(right). Impulse response (black
line), Step response (gray line)

The frequency-dependent behavior is shown in �gure 5. It contains the Fourier
transforms of several measurements performed for �euret, �epe�e and sabre without additional
�ltering. For this reason the e�ect of higher frequencies can be detected in all curves. However,
the results shown in this �gure proof that the basic dynamic phenomena can be reproduced
even if such a simple test procedure is used.
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Fig. 5. Magnitude response calculated for impulse input (Imp.) and step input (Step) for
�euret (top), �ep�ee (middle) and sabre (bottom). Left column � vibration in vertical direction,

right column � vibration in horizontal direction

A modal characteristic can be observed in all measurements below 50 Hz. In this
frequency range, the modal damping seems to be low. However, at higher frequencies the
half-band-width increases. This might be caused by the e�ect of sound radiation that is more
relevant at the mid and high frequency range.

In order to detect the resonance frequencies as well as to quantify the amount of
damping at the �rst three resonances, linear averages of the curves shown in �gure 5 have been
used. The resulting curves are shown in �gure 6.
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Fig. 6. Frequency response for �euret (blue curve), �ep�ee (red curve) and sabre (black curve)
in the lower frequency range

The resonance frequencies obtained for the �euret from the curves shown in �gure 6 are
summarized in table 4. Especially the �rst two resonances are close to the natural frequencies
listed in table 3. It is interesting to notice that the �rst mode occurs for all analyzed sporting
arms at 7.0 Hz. This could help to understand why an athlete specialized in �euret fencing is
also capable to perform a Coup�e with the �ep�ee in order to set a point directly behind the bell
guard.

Assuming that the �rst bending mode dominates the dynamics of all analyzed sporting
arms it is also possible to understand why athletes prefer to hit the weapon of the opponent
before starting a Coup�e. With such a short blade contact (Battuta) the �rst bending mode
is exited and the (dynamic) sti�ness of the blade is reduced. For this reason, less energy is
required to induce a bending of the blade that makes it possible to attack the back of the
opponent that cannot be reached directly. At higher frequencies the di�erence in the geometry
leads to di�erent results for higher resonance frequencies.

Table 4

Resonance frequencies determined in measurements

f0 / Hz Number of natural frequency for �euret
1 2 3

Vertical vibration 7.0 24.0 57.0
Horizontal vibration 7.0 31.0 72.0

Using the method of the half-band-with for each individual resonance, the modal
damping parameters have been estimates. These results are summarized in table 5 and table 6.
They prove that the motion of the �euret, the �epe�e and the sabre undergoes only a small amount
of damping in the �rst three modes. This means that the athlete must not waste energy by
dissipation or in other words, only a small amount of energy is required to �use� the dynamics
of the weapon in competition. This could be an explanation for the fact that excellent athletes
are able to perform fencing on a high individual level in the �nals at the late afternoon, even
if the competition starts with the quali�cation rounds in the early morning.



NOISE Theory and Practice 15

Table 5

Modal damping for vertical vibration

D in % Mode number
1 2 3

Fleuret 0.4 1.9 1.0
�Ep�ee 0.4 1.4 N.A.
Sabre 1.4 2.0 2.0

Table 6

Modal damping for horizontal vibration

D in % Mode number
1 2 3

Fleuret 0.3 0.8 1.2
�Ep�ee 0.4 0.3 2.1
Sabre 1.3 2.8 3.2

Conclusions

The present work presents experimental results that have been performed to study the
dynamical behavior of �euret, �epe�e and sabre in time domain as well as in frequency domain.
The applied method is simple, however the results can be veri�ed with simple analytical analysis.
Furthermore, it is easy to repeat the investigations. The main �ndings can be summarized as
follows:

• All analyzed sporting arms are structural elements with a small amount of modal
damping. A value of 3.2% has been detected as the maximum damping ratio.

• The �rst bending mode can be excited for all analyzed weapons at about 7.0 Hz.
• At higher frequencies the di�erent non-uniform geometry causes di�erent behavior

for the same sporting arm in horizontal and vertical direction. Furthermore, the di�erence
between the dynamics of �euret, �ep�ee and sabre increases, if higher frequencies have to be
taken into account.

The presented results might be interesting for both athletes and coaches, because it
is possible to understand experiences known from training and competition. For example it is
possible to explain that the performance of a Coup�e becomes easier after a short blade contact,
because the dynamic sti�ness is lowered, if a �euret or �epe�e vibrates in a resonance mode.

However, from an engineering point of view, the results could also be interesting. They
could be used to validate analytical as well as numerical models used to analyze the dynamics
of non-uniform beams. Furthermore, the results could also be of interest for the development
of robotics, capable to handle thin �exible structures with a low amount of modal damping.

References

1. Timoshenko, S. Vibration Problems in Engineering (3rd Edition), van Nostrand,
New York, 1955.

2. Taha M H, Abohadima S, Mathematical Model For Vibrations of Non-
Uniform Flexural Beams, Engineering MECHANICS, Vol. 15, 2008, No. 1, p. 3�11,



Thomas Kletschkowski

Flexural Vibrations of Non-Uniform Cantilever Beams Observed in Experimental Investigations on the

Dynamics of Fleuret, �Ep�ee and Sabre 16

https://citeseerx.ist.psu.edu/viewdoc/ download?doi=10.1.1.1068.9328&rep=rep1&type=pdf
(cited January 30th, 2022).

3. Sarkar K, Ganguli R, Closed-form solutions for axially functionally graded
Timoshenko beams having uniform cross-section and �xed��xed boundary condition,
Composites Part B: Engineering, Vol. 58, 2014, p. 361-370,
https://doi.org/10.1016/j.compositesb.2013.10.077.

4. Ece m C, Aydogdu M, Taskin V, Vibration of a variable cross-section beam, Mech.
Research Comm., Vol. 34, Issue 1, 2007, p. 78-84,
https://doi.org/10.1016/j.mechrescom.2006.06.005.

5. Ghazaryan D, Burlayenko V N, Avetisyan A, Bhaskar A, Free vibration analysis
of functionally graded beams with non-uniform cross-section using the di�erential transform
method, J Eng Math 110, 2018, p. 97�121, https://doi.org/10.1007/s10665-017-9937-3.

6. Akg�oz B, Civalek �O, Free vibration analysis of axially functionally graded tapered
Bernoulli�Euler microbeams based on the modi�ed couple stress theory, Composite Structures,
Volume 98, 2013, p. 314-322, https://doi.org/10.1016/j.compstruct.2012.11.020.

7. Chen G, M, Y, Modal analysis of a rectangular variable cross-section beam with
multiple cracks under di�erent temperatures, Journal of Vibroengineering, 18(5), 2016, p.
3078�3088. https://doi.org/10.21595/jve.2016.16676.

8. Tan G, Wang W, Jiao Y, Flexural Free Vibrations of Multistep Nonuniform Beams,
Hindawi Publishing Corporation, Mathematical Problems in Engineering, Vol. 2016, Article
ID 7314280, 12 pages, http://dx.doi.org/10.1155/2016/7314280.

9. V�azquez T B, Neipp C, Bel�endez A, Numerical and Experimental Analysis of a
Cantilever Beam: A Laboratory Project to Introduce Geometric Nonlinearity in Mechanics of
Materials. International Journal of Engineering Education, Vol. 19, No. 6, 2003, p. 885-892.
https://www.ijee.ie/articles/ Vol19-6/IJEE1457.pdf (cited January 30th, 2022).

10. Ghuku S, Saha K N, A theoretical and experimental study on geometric nonlinearity
of initially curved cantilever beams, Engineering Science and Technology, an International
Journal, Vol. 19, Issue 1, 2016, p. 135-146, https://doi.org/10.1016/j.jestch.2015.07.006.

11. Adair D, Jaeger M, Simulation of The Vibrations of a Non-Uniform Beam Loaded
With Both a Transversely and Axially Eccentric Tip Mass, Int. J. Comp. Meth. and Exp.
Meas., Vol. 6, No. 4, 2018, p. 679�690, 10.2495/CMEM-V6-N4-679-690


